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S
im

plify
ing

Py
th

on

•
Pyth

on
is

full
of

fe
ature

s.
M
ost

are
th

e
re

to
m
ake

program
m
ing

concise
and

cle
ar.

S
om

e
are

th
e
re

for
spe

e
d
.

•
B
ut

if
w
e
can

put
up

w
ith

som
e
h
ard

sh
ip,

th
e
sam

e
com

putations
can

b
e
carrie

d
out

w
ith

m
uch

le
ss.
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ast

m
od
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R
e
m
oving

A
ssignm

e
nt

to
V
a
ria

b
le
s
(I
)

d
e
f
d
i
s
t
(
x
1
,
y
1
,
x
2
,
y
2
)
:

d
x

=
x
1

-
x
2

d
y

=
y
1

-
y
2

r
e
t
u
r
n
s
q
r
t
(
d
x
*
d
x

+
d
y

*
d
y
)

p
r
i
n
t
(
d
i
s
t
(
3
,
4
,

9
,
1
0
)
)

C
an

b
e
re

w
ritte

n
as

(
l
a
m
b
d
a
d
i
s
t
:

p
r
i
n
t
(
d
i
s
t
(
3
,
4
,
9
,

1
0
)
)
)
\

(
l
a
m
b
d
a
x
1
,

y
1
,
x
2
,
y
2
:

\

(
l
a
m
b
d
a
d
x
,
d
y
:

s
q
r
t
(
d
x
*
d
x
+
d
y
*
d
y
)
)
(
x
1
-
x
2
,
y
1
-
y
2
)
)
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W
h
a
t
A
b
out

R
e
cursion?

•
I
n
Pyth

on,
w
e
w
rite

d
e
f
f
a
c
t
(
n
)
:

r
e
t
u
r
n
1

i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
n
-
1
)

b
e
com

e
s

f
a
c
t
=

l
a
m
b
d
a
n
:

1
i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
n
-
1
)

b
ut

th
is

is
an

assignm
e
nt.

•
T
h
e
trick

is
to

contrive
to

“fe
e
d
f
a
c
t
into

itse
lf”

b
y
m
e
ans

of
lam

b
d
a.

•
S
tart

w
ith

l
a
m
b
d
a
f
a
c
t
:
l
a
m
b
d
a
n
:

1
i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
n
-
1
)

•
B
ut

f
a
c
t
is

a
param

e
te

r
h
e
re

(no
value

ye
t
give

n).
H
ow

can
w
e
fe

e
d

it
into

itse
lf?

L
ast

m
od

ifie
d
:
S
at

M
ar

2
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0
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R
e
cursion

(I
I
)

•
W

e
h
ave

th
e
function

value

l
a
m
b
d
a
f
a
c
t
:
l
a
m
b
d
a
n
:

1
i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
n
-
1
)

and
w
ant

th
e
re

sult
of

sub
stituting

th
is

sam
e
function

to
f
a
c
t
in

th
e

b
od

y.
H
ow

?
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ast
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R
e
cursion

(I
I
)

•
W

e
h
ave

th
e
function

value

l
a
m
b
d
a
f
a
c
t
:
l
a
m
b
d
a
n
:

1
i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
n
-
1
)

and
w
ant

th
e
re

sult
of

sub
stituting

th
is

sam
e
function

to
f
a
c
t
in

th
e

b
od

y.
H
ow

?

•
A
noth

e
r
lam

b
d
a!

>
>
>
(
l
a
m
b
d
a
f
:
f
(
f
)
)
(
l
a
m
b
d
a
f
a
c
t
:
l
a
m
b
d
a
n
:
1

i
f
n

=
=
0

e
l
s
e
n

*
f
a
c
t
(
f
a
c
t
)
(
n
-
1
)
)
(

2
4
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L
oops

•
W

e
’ve

se
e
n
e
x
am

ple
s
in

class
of

ge
tting

rid
of

loops.

d
e
f
f
i
b
(
n
)
:

i
f

n
=
=

0
:
r
e
t
u
r
n
0

f
0
,

f
1
=

0
,
1

w
h
i
l
e
n

>
1
:

f
0
,
f
1
,
n

=
f
1
,

f
0
+

f
1
,
n
-
1

r
e
t
u
r
n
f
1

•
R
e
w
rite

as
a
re

cursive
function

w
ith

no
loop:
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L
oops

•
W

e
’ve

se
e
n
e
x
am

ple
s
in

class
of

ge
tting

rid
of

loops.

d
e
f
f
i
b
(
n
)
:

i
f

n
=
=

0
:
r
e
t
u
r
n
0

f
0
,

f
1
=

0
,
1

w
h
i
l
e
n

>
1
:

f
0
,
f
1
,
n

=
f
1
,

f
0
+

f
1
,
n
-
1

r
e
t
u
r
n
f
1

•
R
e
w
rite

as
a
re

cursive
function

w
ith

no
loop:

d
e
f
f
i
b
(
n
)
:

d
e
f

l
o
o
p
(
f
0
,
f
1
,
n
)
:

i
f
n

>
1
:

r
e
t
u
r
n
l
o
o
p
(
f
1
,
f
0
+
f
1
,
n
-
1
)

e
l
s
e
:r
e
t
u
r
n
f
1

i
f

n
=
=

0
:
r
e
t
u
r
n
0

r
e
t
u
r
n
l
o
o
p
(
0
,
1
,
n
)

•
A
nd

w
e
’ve

alre
ad

y
se

e
n
h
ow

to
turn

all
of

th
is

into
a
lam

b
d
a!
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od
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M
ultiple

A
rgum

e
nts

•
I
n
lab

2
,you

saw
th

at
only

one
argum

e
nt

to
a
function

is
allyou

ne
e
d
.

(
l
a
m
b
d
a
x
,
y
:
s
o
m
e
t
h
i
n
g
(
y
,
x
)
)
(
a
,
b
)

#
C
a
n
b
e

w
r
i
t
t
e
n

(
l
a
m
b
d
a
x
:
l
a
m
b
d
a
y
:
s
o
m
e
t
h
i
n
g
(
y
,
x
)
)
(
a
)
(
b
)

•
T
h
is

re
w
rite

is
calle

d
currying,

afte
r
H
aske

ll
C
urry

(w
h
o
d
id
n’t

in-
ve

nt
it).

L
ast

m
od

ifie
d
:
S
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M
ar
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G
e
tting

R
id

of
I
nte

ge
rs?

!
C
h
urch

N
um

e
ra

ls

•
A
lonzo

C
h
urch

w
as

a
fam

ous
logician

and
m
ath

e
m
atician,

re
sponsi-

b
le

for,
am

ong
oth

e
r
th

ings,
th

e
lam

b
d
a
calculus

(com
ing)

and
th

e
C
h
urch

-T
uring

T
h
e
sis.

•
T
h
e
C
h
urch

-T
uring

th
e
sis

is
th

at
any

function
on

th
e
natural

num
-

b
e
rs

th
at

is
com

putab
le

b
y
som

e
algorith

m
is

com
putab

le
using

a
T
uring

M
ach

ine
.

•
T
h
e
lam

b
d
a
calculus

is
a
pure

calculus
of

functions,w
ith

out
num

b
e
rs,

strings,
b
oole

ans,
cond

itionals,
e
tc.

•
Y
e
t
it

can
re

pre
se

nt
th

e
non-ne

gative
inte

ge
rs,

using
an

e
ncod

ing
know

n
as

C
h
urch

num
e
rals.
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T
h
e
R
e
pre

se
nta

tion

•
W

e
d
e
fine

(or
if

you
pre

fe
r,

e
ncod

e
)
ze

ro
and

th
e
succe

ssor
(+1)

ope
rator

as
follow

s:

z
e
r
o
=

l
a
m
b
d
a
f
:
l
a
m
b
d
a
x
:
x

s
u
c
c
e
s
s
o
r
=

l
a
m
b
d
a
n
:
l
a
m
b
d
a
f
:
l
a
m
b
d
a
x
:

f
(
n
(
f
)
(
x
)
)

•
S
o
1
is

succe
ssor(ze

ro)
and

2
is

succe
ssor(succe

ssor(ze
ro)).

•
W

h
at

is
1
(as

a
function

th
at

d
oe

s
not

use
succe

ssor)?

•
W

h
at

is
2
(as

a
function

th
at

d
oe

s
not

use
succe

ssor)?
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O
pe

ra
tions

•
H
ow

d
oe

s
one

turn
a
C
h
urch

num
e
ral

into
th

e
inte

ge
r
it

re
pre

se
nts?

•
H
ow

d
oe

s
one

im
ple

m
e
nt

ad
d
ition?

d
e
f
a
d
d
c
h
u
r
c
h
(
a
,
b
)
:

r
e
t
u
r
n

•
M
ultiplication?

d
e
f
m
u
l
c
h
u
r
c
h
(
a
,
b
)
:

r
e
t
u
r
n

L
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m
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:
S
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M
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A
nsw

e
rs

•
T
h
e
C
h
urch

num
e
ral

re
pre

se
nting

th
e
natural

num
b
e
r
n
is

a
function

th
at

take
s
tw

o
param

e
te

rs,
say

f
and

x
,
and

re
turns

th
e
re

sult
of

applying
f
to

x
n
tim

e
s.

•
S
o:d

e
f
a
d
d
c
h
u
r
c
h
(
a
,
b
)
:

r
e
t
u
r
n
a
(
s
u
c
c
e
s
s
o
r
)
(
b
)

#
o
r

r
e
t
u
r
n
a
(
l
a
m
b
d
a
n
:

l
a
m
b
d
a
f
:
l
a
m
b
d
a
x
:
f
(
n
(
f
)
(
x
)
)
)
(
b
)

•
C
urrying

th
is

and
using

lam
b
d
a
notation

give
s

a
d
d
c
h
u
r
c
h
=

l
a
m
b
d
a
a
:
l
a
m
b
d
a
b
:
a
(
l
a
m
b
d
a
n
:
l
a
m
b
d
a
f
:

l
a
m
b
d
a
x
:

f
(
n
(
f
)
(
x
)
)
)
(
b
)

•
W

h
ich

allow
s
us

to
d
e
fine

m
ultiplication:

d
e
f
m
u
l
c
h
u
r
c
h
(
a
,
b
)
:

r
e
t
u
r
n
a
(
a
d
d
c
h
u
r
c
h
(
b
)
)
(
z
e
r
o
)

#
o
r
i
n

c
u
r
r
i
e
d
f
o
r
m
:

d
e
f
m
u
l
c
h
u
r
c
h
=
l
a
m
b
d
a
a
:

l
a
m
b
d
a
b
:

a
(
a
d
d
c
h
u
r
c
h
(
b
)
)
(
z
e
r
o
)

L
ast
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od
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S
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M
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A
R
a
d
ica

l
Purifica

tion:
T
h
e
Pure

(U
nty

pe
d
)
L
a
m
b
d
a

C
a
lculus

•
T
h
e
d
iscussion

so
far

sugge
sts

th
at

w
e
can

ge
t
rid

of
a
lot

of
Pyth

on,
re

w
riting

it
into

a
sm

all
num

b
e
r
of

constructs.

•
T
ake

n
to

th
e
e
x
tre

m
e
,
w
e
ge

t
som

e
th

ing
calle

d
th

e
lam

b
d
a
calcu-

lus,
a
m
od

e
l
of

com
putation

d
e
ve

lope
d
b
y
C
h
urch

to
answ

e
r
various

que
stions

ab
out

th
e
found

ations
of

com
putation.

•
C
onsid

e
r
a
language

in
w
h
ich

th
e
re

are
only

th
e
follow

ing
te

rm
s:

–
S
y
m
b
ols:

x
,
y
,
e
tc.

T
h
e
se

are
not

ne
ce

ssarily
id
e
ntifie

rs
(of

param
e
te

rs,
e
tc.),

ath
ough

th
e
y
ofte

n
act

as
such

.

–
A
pplica

tions:
(E

1
E

2 )
w
h
e
re

E
1
and

E
2
are

te
rm

s.

–
A
b
stra

ctions
(la

m
b
d
a

te
rm

s):
(λ
x
.
E
),

w
h
e
re

x
is

a
sym

b
ol

and
E

is
a
te

rm
.

•
B
e
cause

all
our

lam
b
d
a
te

rm
s
h
ave

single
argum

e
nts,

w
e
ge

ne
rally

ab
b
re

viate
(((A

B
)
C
)
D
),
for

e
x
am

ple
,
as

A
B

C
D
.

•
L
ike

w
ise

,
w
e
le
ave

off
th

e
pare

nte
se

s
around

lam
b
d
a
te

rm
s
if

th
e
y

are
follow

e
d

b
y
anoth

e
r
pare

nth
e
sis

or
th

e
e
nd

of
an

e
x
pre

ssion:
f
(λ
x
.
E
)
b
e
com

e
s
f
λ
x
.
E
.

L
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:
S
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M
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T
h
e
S
ub

stitution
M
od

e
l

•
B
e
fore

w
e
h
ad

e
nvironm

e
nts,

th
e
re

w
as

th
e
sub

stitution
m
od

e
l
for

calling
functions

(se
e
6
1A

L
e
cture

2
).

•
F
or

e
x
am

ple
,
to

e
valuate

(
l
a
m
b
d
a
x
:
l
a
m
b
d
a
y
:
x
*
y
)
(
2
+
3
)
(
3
+
4
)

=
=
>
(
l
a
m
b
d
a
x
:
l
a
m
b
d
a
y
:

x
*
y
)
(
5
)
(
3
+
4
)

=
=
>
(
l
a
m
b
d
a
x
:
l
a
m
b
d
a
y
:

x
*
y
)
(
5
)
(
7
)

=
=
>
(
l
a
m
b
d
a
y
:
5
*
y
)
(
7
)

=
=
>
5
*
7

=
=
>
3
5

•
S
ince

w
e
’ve

gotte
n
rid

of
m
utab

le
state

,
th

e
sub

stitution
m
od

e
l
now

w
orks

fine
as

it
is.

L
ast

m
od

ifie
d
:
S
at

M
ar

2
5
0
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:0
5
:3
9
2
0
17

C
S
19

8
:
E
x
tra

L
e
cture

#
3

15

A
pplica

tive
O
rd

e
r
V
s.

N
orm

a
l
O
rd

e
r

•
H
ow

e
ve

r,
th

e
re

is
an

e
sse

ntial
d
iffe

re
nce

b
e
tw

e
e
n
e
valuation

in
th

e
pure

lam
b
d
a
calculus

and
in

Pyth
on.

•
W

e
’ve

said
in

le
cture

th
at

to
e
valuate

E
1 (E

2 ),
w
e

–
E
valuate

E
1
and

E
2
to

ge
t
value

s
v
1
and

v
2 .

–
T
h
e
n
sub

stitute
v
2
for

th
e
param

e
te

r
of

f
(w

h
ich

m
ust

b
e
a
func-

tion)
in

th
e
b
od

y
of

f
.

–
A
nd

th
e
n
e
valuate

th
e
re

sulting
b
od

y.

•
T
h
is

is
calle

d
applicative

ord
e
r
e
valuation.

L
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:
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M
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N
orm

a
l
O
rd

e
r

•
I
n
th

e
pure

lam
b
d
a
calculus,h

ow
e
ve

r,w
e
d
e
alw

ith
te

rm
s,not

value
s,

and
inste

ad
of

applicative
-ord

e
r
calls,w

e
inste

ad
d
o
b
e
ta

re
d
uctions

(sub
stitutions)

in
w
h
at

is
calle

d
norm

al
ord

e
r.

F
or

a
te

rm
T
:

–
I
f
T

is
a
sym

b
ol,

d
o
noth

ing.

–
I
f
T
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a
lam

b
d
a
te

rm
,
e
valuate
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b
od

y.

–
I
f
T

is
an

application
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B
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∗
I
f
A
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lam

b
d
a
te

rm
,
λ
x
.
C
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re

place
T

w
ith

th
e

re
sult
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sub

stituting
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e
te

rm
B

for
all
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ound

instance
s
of

x
in

C
.

∗
O
th

e
rw
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,
e
valuate

A
.

∗
O
th

e
rw

ise
(if

th
e
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ove
ch

ange
d
noth
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e
valuate

B
.

–
I
f
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of
th

e
se

ch
ange
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ing,

no
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e
r
e
valuation

is
possi-

b
le
;
w
e
h
ave

a
norm

al
form

.

•
B
y
re

pe
ating

th
is

proce
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com
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ra
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.
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.
λ
f
.
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G
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•
B
e
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of
th

e
w
ay
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al-ord

e
r
e
valuation

w
orks,

w
e
can

d
o
aw
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w
ith

cond
itional

state
m
e
nts.

–
T
R
U
E
is

λ
x
.
λ
y
.
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.

–
F
A
L
S
E
is

λ
x
.
λ
y
.
y.

–
I
F
T
H
E
N
E
L
S
E
is

λ
p
.
λ
a
.
λ
b.
p
a
b.

–
A
N
D

is
λ
p
.
λ
q
.
p
q
p.

–
O
R
is

λ
p
.
λ
q
.
p
p
q.

–
N
O
T
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λ
p
.
p
F
A
L
S
E

T
R
U
E
.
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U
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L
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w
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e
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param
e
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e
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d
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x
.
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.
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.
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.
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d
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S
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=
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=
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