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H
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#
1

1

H
igh

e
r-

O
rd

e
r
F
unctions

a
t
W

ork:
Ite

ra
tive

U
pd

a
te

•
A

ge
ne

ral
strate

gy
for

solving
an

e
quation:

G
u
e
s
s
a
s
o
l
u
t
i
o
n

w
h
i
l
e
y
o
u
r
g
u
e
s
s
i
s
n
’
t
g
o
o
d
e
n
o
u
g
h
:

u
p
d
a
t
e
y
o
u
r
g
u
e
s
s

•
T
h
e
th

re
e
und

e
rline

d
se

gm
e
nts

are
param

e
te

rs
to

th
e
proce

ss.

•
T
h
e
last

tw
o
se

gm
e
nts

cle
arly

re
quire

functions
for

th
e
ir
re

pre
se

ntation—
a
pred

icate
function

(re
turning

true
/false

value
s),

and
a
function

from
value

s
to

value
s.

•
In

cod
e
,

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
)
:

"
"
"
R
e
t
u
r
n
t
h
e

r
e
s
u
l
t
o
f

r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e
v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.
"
"
"
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od
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#
1

2

R
e
cursive

V
e
rsions

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
)
:

"
"
"
R
e
t
u
r
n
t
h
e
r
e
s
u
l
t
o
f
r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e

v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.
"
"
"

i
f

d
o
n
e
(
g
u
e
s
s
)
:

r
e
t
u
r
n
g
u
e
s
s

e
l
s
e
:r
e
t
u
r
n
i
t
e
r
s
o
l
v
e
(
u
p
d
a
t
e
(
g
u
e
s
s
)
,
d
o
n
e
,
u
p
d
a
t
e
)

or

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
)
:

d
e
f

s
o
l
u
t
i
o
n
(
g
u
e
s
s
)
:

i
f
d
o
n
e
(
g
u
e
s
s
)
:

r
e
t
u
r
n
g
u
e
s
s

e
l
s
e
:r
e
t
u
r
n
s
o
l
u
t
i
o
n
(
u
p
d
a
t
e
(
g
u
e
s
s
)
)

r
e
t
u
r
n
s
o
l
u
t
i
o
n
(
g
u
e
s
s
)

L
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m
od

ified
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un

F
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#
1

3

Ite
ra

tive
V
e
rsion

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
)
:

"
"
"
R
e
t
u
r
n
t
h
e
r
e
s
u
l
t
o
f
r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e

v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.
"
"
"

w
h
i
l
e
n
o
t

d
o
n
e
(
g
u
e
s
s
)
:

g
u
e
s
s
=
u
p
d
a
t
e
(
g
u
e
s
s
)

r
e
t
u
r
n
g
u
e
s
s

L
ast

m
od
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:
S
un

F
eb

19
17
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#
1

4

A
d
d
ing

a
S
a
fe

ty
N
e
t

•
In

re
al

life
,
w
e
m
igh

t
w
ant

to
m
ake

sure
th

at
th

e
function

d
oe

sn’t
just

loop
fore

ve
r,

ge
tting

no
close

r
to

a
solution.

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
=
3
2
)
:

"
"
"
R
e
t
u
r
n
t
h
e

r
e
s
u
l
t
o
f

r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e
v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.

C
a
u
s
e
s
e
r
r
o
r
i
f
m
o
r
e
t
h
a
n

I
T
E
R
A
T
I
O
N
L
I
M
I
T
a
p
p
l
i
c
a
t
i
o
n
s
o
f

U
P
D
A
T
E
a
r
e
n
e
c
e
s
s
a
r
y
.
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#
1

5

A
d
d
ing

a
S
a
fe

ty
N
e
t:

C
od

e

•
In

re
al

life
,
w
e
m
igh

t
w
ant

to
m
ake

sure
th

at
th

e
function

d
oe

sn’t
just

loop
fore

ve
r,

ge
tting

no
close

r
to

a
solution.

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
=
3
2
)
:

"
"
"
R
e
t
u
r
n
t
h
e

r
e
s
u
l
t
o
f

r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e
v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.

C
a
u
s
e
s
e
r
r
o
r
i
f
m
o
r
e
t
h
a
n

I
T
E
R
A
T
I
O
N
L
I
M
I
T
a
p
p
l
i
c
a
t
i
o
n
s
o
f

U
P
D
A
T
E
a
r
e
n
e
c
e
s
s
a
r
y
.
"
"
"

d
e
f
s
o
l
u
t
i
o
n
(
g
u
e
s
s
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
)
:

i
f

d
o
n
e
(
g
u
e
s
s
)
:

r
e
t
u
r
n
g
u
e
s
s

e
l
i
f

i
t
e
r
a
t
i
o
n
l
i
m
i
t
<
=

0

r
a
i
s
e
V
a
l
u
e
E
r
r
o
r
(
"
f
a
i
l
e
d
t
o

c
o
n
v
e
r
g
e
"
)

e
l
s
e
:r
e
t
u
r
n
s
o
l
u
t
i
o
n
(
u
p
d
a
t
e
(
g
u
e
s
s
)
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
-
1
)

r
e
t
u
r
n
s
o
l
u
t
i
o
n
(
g
u
e
s
s
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
)
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Ite
ra

tive
V
e
rsion

d
e
f
i
t
e
r
s
o
l
v
e
(
g
u
e
s
s
,
d
o
n
e
,
u
p
d
a
t
e
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
=
3
2
)
:

"
"
"
R
e
t
u
r
n
t
h
e
r
e
s
u
l
t
o
f
r
e
p
e
a
t
e
d
l
y
a
p
p
l
y
i
n
g
U
P
D
A
T
E
,

s
t
a
r
t
i
n
g
a
t
G
U
E
S
S
,
u
n
t
i
l
D
O
N
E
y
i
e
l
d
s
a
t
r
u
e

v
a
l
u
e

w
h
e
n
a
p
p
l
i
e
d
t
o
t
h
e

r
e
s
u
l
t
.

C
a
u
s
e
s
e
r
r
o
r
i
f
m
o
r
e
t
h
a
n

I
T
E
R
A
T
I
O
N
L
I
M
I
T
a
p
p
l
i
c
a
t
i
o
n
s
o
f

U
P
D
A
T
E
a
r
e
n
e
c
e
s
s
a
r
y
.
"
"
"

w
h
i
l
e
n
o
t

d
o
n
e
(
g
u
e
s
s
)
:

i
f
i
t
e
r
a
t
i
o
n
l
i
m
i
t
<
=
0
:

r
a
i
s
e
V
a
l
u
e
E
r
r
o
r
(
"
f
a
i
l
e
d
t
o

c
o
n
v
e
r
g
e
"
)

g
u
e
s
s
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
=
u
p
d
a
t
e
(
g
u
e
s
s
)
,
i
t
e
r
a
t
i
o
n
l
i
m
i
t
-
1

r
e
t
u
r
n
g
u
e
s
s
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N
e
w
ton’s

M
e
th

od

•
N
e
w
ton’s

m
e
th

od
use

s
th

e
b
asic

ite
rative

sch
e
m
e
w
ith

a
particular

upd
ate

strate
gy

to
solve

f
(x
)
=
0:

T
ange

nt
at

x
k

x
k
(curre

nt
gue

ss)
f
(x
)

x
k
+
1
(upd

ate
d
gue

ss)

L
ast
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od

ified
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un
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#
1
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U
sing

Ite
ra

tive
S
olving

F
or

N
e
w
ton’s

M
e
th

od
(I)

•
N
e
w
ton’s

m
e
th

od
take

s
a
function,its

d
e
rivative

,and
an

initialgue
ss,

and
prod

uce
s
a
re

sult
to

som
e
d
e
sire

d
tole

rance
(th

at
is,

to
som

e
d
e
finition

of
“close

e
nough

”).

•
S
e
e
h
t
t
p
:
/
/
e
n
.
w
i
k
i
p
e
d
i
a
.
o
r
g
/
w
i
k
i
/
F
i
l
e
:
N
e
w
t
o
n
I
t
e
r
a
t
i
o
n
_
A
n
i
.
g
i
f

•
G
ive

n
a
gue

ss,
x
k ,
com

pute
th

e
ne

x
t
gue

ss,
x
k
+
1
b
y

x
k
+
1
=
x
k
−

f
(x

k )

f
′(x

k )

d
e
f
n
e
w
t
o
n
s
o
l
v
e
(
f
u
n
c
,
d
e
r
i
v
,
s
t
a
r
t
,
t
o
l
e
r
a
n
c
e
)
:

"
"
"
R
e
t
u
r
n
x

s
u
c
h
t
h
a
t
|
F
U
N
C
(
x
)
|
<
T
O
L
E
R
A
N
C
E
,
g
i
v
e
n
i
n
i
t
i
a
l

e
s
t
i
m
a
t
e
S
T
A
R
T
a
n
d
a
s
s
u
m
i
n
g
D
E
R
I
V
i
s

t
h
e
d
e
r
i
v
a
t
a
t
i
v
e
o
f
F
U
N
C
.
"
"
"

d
e
f
c
l
o
s
e
e
n
o
u
g
h
(
x
)
:

?

d
e
f
n
e
w
t
o
n
u
p
d
a
t
e
(
x
)
:?

r
e
t
u
r
n
i
t
e
r
s
o
l
v
e
(
s
t
a
r
t
,
c
l
o
s
e
e
n
o
u
g
h
,
n
e
w
t
o
n
u
p
d
a
t
e
)
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U
sing

Ite
ra

tive
S
olving

for
N
e
w
ton’s

M
e
th

od
(II)

x
k
+
1
=
x
k
−

f
(x

k )

f
′(x

k )

d
e
f
n
e
w
t
o
n
s
o
l
v
e
(
f
u
n
c
,
d
e
r
i
v
,
s
t
a
r
t
,
t
o
l
e
r
a
n
c
e
)
:

"
"
"
R
e
t
u
r
n
x
s
u
c
h
t
h
a
t
|
F
U
N
C
(
x
)
|
<
T
O
L
E
R
A
N
C
E
,
g
i
v
e
n
i
n
i
t
i
a
l

e
s
t
i
m
a
t
e
S
T
A
R
T
a
n
d
a
s
s
u
m
i
n
g
D
E
R
I
V
i
s

t
h
e
d
e
r
i
v
a
t
a
t
i
v
e
o
f
F
U
N
C
.
"
"
"

d
e
f

c
l
o
s
e
e
n
o
u
g
h
(
x
)
:

r
e
t
u
r
n
a
b
s
(
f
u
n
c
(
x
)
)
<

t
o
l
e
r
a
n
c
e

d
e
f

n
e
w
t
o
n
u
p
d
a
t
e
(
x
)
:

r
e
t
u
r
n
x

-
f
u
n
c
(
x
)
/

d
e
r
i
v
(
x
)

r
e
t
u
r
n
i
t
e
r
s
o
l
v
e
(
s
t
a
r
t
,
c
l
o
s
e
e
n
o
u
g
h
,
n
e
w
t
o
n
u
p
d
a
t
e
)
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U
sing

ne
w
ton

solve
for

√
·
a
nd

lg
·

d
e
f
s
q
u
a
r
e
r
o
o
t
(
a
)
:

r
e
t
u
r
n
n
e
w
t
o
n
s
o
l
v
e
(
l
a
m
b
d
a
x
:
x
*
x
-

a
,

l
a
m
b
d
a
x
:

2
*

x
,

a
/
2
,
1
e
-
5
)

d
e
f
l
o
g
a
r
i
t
h
m
(
a
,
b
a
s
e
=

2
)
:

r
e
t
u
r
n
n
e
w
t
o
n
s
o
l
v
e
(
l
a
m
b
d
a
x
:
b
a
s
e
*
*
x
-
a
,

l
a
m
b
d
a
x
:

x
*

b
a
s
e
*
*
(
x
-
1
)
,

1
,
1
e
-
5
)
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D
ispe

nsing
W

ith
D
e
riva

tive
s

•
W

h
at

if
w
e
just

w
ant

to
w
ork

w
ith

a
function,

w
ith

out
know

ing
its

d
e
rivative

?

•
B
ook

use
s
an

approx
im

ation:

d
e
f
f
i
n
d
r
o
o
t
(
f
u
n
c
,
s
t
a
r
t
=
1
,
t
o
l
e
r
a
n
c
e
=
1
e
-
5
)
:

d
e
f
a
p
p
r
o
x
d
e
r
i
v
(
f
,
d
e
l
t
a
=

1
e
-
5
)
:

r
e
t
u
r
n
l
a
m
b
d
a
x
:
(
f
u
n
c
(
x
+

d
e
l
t
a
)
-

f
u
n
c
(
x
)
)
/
d
e
l
t
a

r
e
t
u
r
n
n
e
w
t
o
n
s
o
l
v
e
(
f
u
n
c
,
a
p
p
r
o
x
d
e
r
i
v
(
f
u
n
c
)
,
s
t
a
r
t
,
t
o
l
e
r
a
n
c
e
)

•
T
h
is

is
nice

e
nough

,
b
ut

looks
a
little

ad
h
oc

(h
ow

d
id

I
pick

d
e
lta?).

•
A
noth

e
r
alte

rnative
is

th
e
secant

m
eth

od
.
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T
h
e
S
e
ca

nt
M
e
th

od

•
N
e
w
ton’s

m
e
th

od
w
as

x
k
+
1
=
x
k
−

f
(x
)

f
′(x

)

•
T
h
e
se

cant
m
e
th

od
use

s
th

e
last

approx
im

ations
value

s
to

ge
t
(in

e
ffe

ct)
a
re

place
m
e
nt
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