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T
h
e
H
a
lting

Prob
le
m

a
nd

I
ncom

ple
te

ne
ss

•
A
n
inte

rpre
te

r
(or

com
pile

r)
is

a
program

th
at

ope
rate

s
on

program
s.

•
In

fact,th
e
re

are
num

e
rous

oth
e
r
w
ays

to
ope

rate
on

program
s.

F
or

e
x
am

ple
,

–
G
ive

n
a
one

-param
e
te

r
function

in
som

e
language

,
prod

uce
th

e
function

th
at

com
pute

s
its

d
e
rivative

.

–
G
ive

n
a
C
program

,
ad

d
state

m
e
nts

th
at

ch
e
ck

for
m
e
m
ory

ind
e
x

b
ound

s
e
rrors.

•
T
h
e
d
e
ve

lopm
e
nt

of
program

-analysis
tools

of
th

is
sort

is
an

active
re

se
arch

are
a.
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T
h
e
H
a
lting

Prob
le
m

•
F
or

e
x
am

ple
,
w
ould

b
e
ve

ry
use

ful
to

know
“Is

th
e
re

som
e
input

to
S
ch

e
m
e
function

P
th

at
w
ill

cause
it

to
go

into
an

infinite
loop?”

Is
th

e
re

a
program

th
at

ope
rate

s
on

program
s

th
at

w
ill

answ
e
r
th

is
que

stion
corre

ctly
in

fi-
nite

tim
e
?

•
T
h
is

que
stion

w
as

answ
e
re

d
ne

gative
ly

in
th

e
19

3
0
s
b
y
A
lan

T
uring.

In
fact,

th
e
re

isn’t
e
ve

n
a
program

th
at

fully
m
e
e
ts

th
e
follow

ing
spe

cification:

;
;
T
r
u
e

i
f
f
D
E
F
N
i
s
a

S
c
h
e
m
e
d
e
f
i
n
i
t
i
o
n
t
h
a
t
d
e
f
i
n
e
s
a
o
n
e
-
a
r
g
u
m
e
n
t

;
;
f
u
n
c
t
i
o
n
t
h
a
t
e
v
e
n
t
u
a
l
l
y
h
a
l
t
s
g
i
v
e
n
t
h
e
i
n
p
u
t
X
.

(
d
e
f
i
n
e
(
h
a
l
t
s
?
d
e
f
n
x
)

.
.
.
)
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B
iting

Y
our

T
a
il:

Proof
of

I
m
possib

ility

(
d
e
f
i
n
e
(
h
a
l
t
s
?
d
e
f
n

x
)

alleged
d
efinition

of
h
alts?

)

(
d
e
f
i
n
e
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m

(
q
u
o
t
e
(
d
e
f
i
n
e
(
h
a
l
t
s
?
-
b
o
g
u
s
x
)

(
d
e
f
i
n
e
(
h
a
l
t
s
?
d
e
f
n
x
)

alleged
d
efinition

of
h
alts?

)

(
d
e
f
i
n
e
(
l
o
o
p
)
(
l
o
o
p
)
)

(
i
f

(
h
a
l
t
s
?
x

x
)
(
l
o
o
p
)
#
t
)
)
)
)

(
h
a
l
t
s
?
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m
)
;

(
*
)

•
A
ssum

e
th

at
h
a
l
t
s
?
w
orks

as
spe

cifie
d
:
(
h
a
l
t
s
?

d
e
f
n
y
)
re

turns
true

if
d
e
f
n
is

a
S
ch

e
m
e
d
e
finition

of
som

e
one

-argum
e
nt

function
th

at
h
alts

(d
oe

s
not

loop)
w
h
e
n
give

n
input

y.

•
T
h
e
n
if

th
e
line

m
arke

d
(
*
)
re

turns
true

,
it

is
suppose

d
to

m
e
an

th
at

(
h
a
l
t
s
?
-
b
o
g
u
s
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m
)
h
alts.

•
B
ut

h
a
l
t
s
?
-
b
o
g
u
s

com
pute

s
(
h
a
l
t
s
?

x
x
)

d
uring

its
e
x
e
cution,

w
ith

th
e
value

of
x
b
e
ing

h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m.

•
T
h
at

w
ould

pre
sum

ab
ly

re
turn

t
r
u
e,w

h
ich

w
ould

m
ake

h
a
l
t
s
?
-
b
o
g
u
s

loop
infinite

ly.

•
S
o
cle

arly,
if

h
a
l
t
s
?
w
orks,

line
(
*
)
cannot

re
turn

true
afte

r
all;

it
m
ust

re
turn

false
.
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B
iting

Y
our

T
a
il
(I
I
)

(
d
e
f
i
n
e
(
h
a
l
t
s
?
d
e
f
n

x
)

alleged
d
efinition

of
h
alts?

)

(
d
e
f
i
n
e
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m

(
q
u
o
t
e
(
d
e
f
i
n
e
(
h
a
l
t
s
?
-
b
o
g
u
s
x
)

(
d
e
f
i
n
e
(
h
a
l
t
s
?
d
e
f
n
x
)

alleged
d
efinition

of
h
alts?

)

(
d
e
f
i
n
e
(
l
o
o
p
)
(
l
o
o
p
)
)

(
i
f

(
h
a
l
t
s
?
x

x
)
(
l
o
o
p
)
#
t
)
)
)
)

(
h
a
l
t
s
?
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m
h
a
l
t
s
?
-
b
o
g
u
s
-
p
r
o
g
r
a
m
)
;

(
*
)

•
B
ut

if
th

e
line

m
arke

d
(
*
)

re
turns

false
,
th

e
n

th
e

e
x
e
cution

of
h
a
l
t
s
?
-
b
o
g
u
s
w
ould

te
rm

inate
,
w
h
ich

w
ould

m
e
an

th
at

h
a
l
t
s
?

h
ad

gotte
n
th

e
w
rong

answ
e
r.

•
T
h
e
only

w
ay

out
is

to
conclud

e
th

at
h
a
l
t
s
?

ne
ve

r
re

turns
in

th
is

case
—
it

d
oe

s
not

answ
e
r
th

e
que

stion
for

all
possib

le
inputs.

•
Putting

it
all

toge
th

e
r,

w
e
m
ust

conclud
e
th

at

N
o
possib

le
d
e
finition

of
h
a
l
t
s
?
w
orks

all
th

e
tim

e
.
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N
ot

J
ust

a
T
rick

•
N
oth

ing
in

th
is

argum
e
nt

is
spe

cific
to

S
ch

e
m
e
.

•
F
urth

e
rm

ore
,
S
ch

e
m
e
is

capab
le

of
re

pre
se

nting
any

“e
ffe

ctive
ly

com
putab

le
”
function

on
sym

b
olic

d
ata

(i.e
,com

putab
le

via
som

e
finite

ly
d
e
scrib

ab
le

algorith
m

th
at

te
rm

inate
s).

•
T
h
e
re

fore
,
th

e
im

possib
ility

of
th

e
h
alting

prob
le
m

is
fund

am
e
ntal:

th
e
h
a
l
t
s
?
function

is
uncom

putab
le
.

•
If

h
a
l
t
s
?

alw
ays

re
turns

a
corre

ct
re

sult
(w

h
e
n
it

re
turns),

th
e
n

th
e
re

m
ust

b
e
an

infinite
num

b
er

of
inputs

for
w
h
ich

it
fails

to
give

any
answ

e
r
at

all
(i.e

.,
loops

infinite
ly).

W
h
y
infinite

?
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C
onse

que
nce

s

•
T
h
e
re

’s
a
lot

of
fallout

from
th

e
im

possib
ility

of
w
riting

h
a
l
t
s
?.

•
F
or

e
x
am

ple
,I

cannot
te

llin
ge

ne
ralw

h
e
th

e
r
tw

o
program

s
com

pute
th

e
sam

e
th

ing.
[W

h
y
not?]

•
T
h
e
re

fore
,

Pe
rfe

ct
anti-virus

softw
are

is
th

e
ore

tically
im

possib
le
.

A
nti-virus

softw
are

m
ust

e
ith

e
r
m
iss

som
e
viruse

s,
or

pre
ve

nt
som

e
innoce

nt
program

s
from

running
(or

fre
e
ze

your
com

pute
r.)

•
M
any

analyse
s
th

at
m
igh

t
b
e
use

ful
cannot

b
e
d
one

in
ge

ne
ral.

F
or

e
x
am

ple
,e

ve
n
if

I
know

th
at

a
give

n
program

w
illte

rm
inate

,I
cannot

ne
ce

ssarily
pre

d
ict

in
ge

ne
ral

h
ow

long
it

w
ill

take
to

d
o
so.
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T
h
e
M
a
th

e
m
a
tics

of
M
a
th

e
m
a
tics

G
ottlob

F
re

ge
(18

7
9
)
is

usually
cre

d
ite

d
w
ith

introd
ucing

th
e
first

m
od

e
rn

form
al

system
for

e
x
pre

ssing
m
ath

e
m
atical

and
logical

state
m
e
nts

and
argum

e
nts.

H
e
w
as

atte
m
pting

to
put

m
ath

e
m
atics

on
a
firm

found
ation—

to
m
ake

it
cle

ar
w
h
e
n
a
proof

w
as

a
proof,

for
e
x
am

ple
.

F
re

ge
inve

nte
d
a
unive

rsal syntax
for

e
x
pre

ssing
m
ath

e
m
aticalstate

-
m
e
nts.

E
x
am

ple
s
(w

ith
m
od

e
rn

notation
und

e
rne

ath
):

S
(s)

→
H
(j)

S
(s)&

H
(j)

¬
∀
a
(P

(x
)
→

¬
M

(a
))

or
∃
a
(P

(a
)&

M
(a
))
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F
orm

a
l
S
y
ste

m
s

•
A
form

alsyste
m

th
e
n
consists

of
a
se

t
of

sym
b
ols

th
at

are
suppose

d
to

h
ave

m
e
anings

(constants,functions,pre
d
icate

s),plus
a
finite

se
t

of
ax

iom
s
(like

∀
x
,y
.x

+
y
=

y
+
x
),

ax
iom

sch
em

as
(te

m
plate

s
for

ax
iom

s,
like

A
∧
B

⇒
A
),
and

m
e
ch

anical
inference

rules.

•
C
re

ation
of

form
al

syste
m
s
turne

d
out

to
b
e
tricky:

–
R
usse

ll’s
Pa

ra
d
ox

:
F
re

ge
’s
original

syste
m

allow
e
d
th

e
d
e
finition

(in
e
ffe

ct)
of

S
=

{
x
|x

6∈
x
},

th
e
se

t
of

e
ve

ryth
ing

th
at

is
not

a
m
e
m
b
e
r
of

itse
lf.

–
T
h
is

is
a
h
igh

ly
prob

le
m
atic

se
t!

C
an

prove
b
oth

th
at

S
∈

S
and

S
6∈
S
.

–
T
h
e
re

fore
,
F
re

ge
’s
syste

m
w
as

inconsistent,
w
h
ich

is
b
ad

.

•
F
ortunate

ly,a
syntax

such
as

F
re

ge
’s
is

ve
ry

w
e
lld

e
fine

d
;
se

nte
nce

s
and

proofs
are

th
e
m
se

lve
s
m
ath

e
m
atical

ob
je
cts.

S
o,

pe
rh

aps
w
e

can
b
uild

a
m
ath

e
m
atics

of
m
ath

e
m
atics

(“m
e
tam

ath
e
m
atics”)

and
w
ith

in
it

prove
our

th
at

form
al

syste
m
s
are

consiste
nt:

H
ilb

ert’s
Program

.
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F
rom

S
y
nta

x
to

S
e
m
a
ntics

•
N
otations

like
th

e
se

provid
e
notation

(syntax
)
w
ith

out
m
e
aning

(se-
m
antics ),

...

•
...e

x
ce

pt
for

a
fe

w
ke

y
sym

b
ols

w
ith

fix
e
d
m
e
anings:

–
L
ogical

conne
ctive

s,
such

as
‘&
’,
‘¬
’,
‘→

’.

–
Q
uantifie

rs,
such

as
‘∀
’(for

all),
‘∃
’(th

e
re

e
x
ists),

and
th

e
vari-

ab
le
s
th

e
y
apply

to
(b
ut

w
e
d
on’t

say
w
h
at

se
t
(“d

om
ain

”)
th

e
y

quantify
ove

r.)

–
(S

om
e
tim

e
s)

th
e
pre

d
icate

‘=
’.

•
B
ut

oth
e
rw

ise
,
th

e
functions

and
pre

d
icate

s
(true

/false
functions)

are
uninterpreted

.

•
W

h
e
n
w
e
re

strict
ourse

lve
s
so

th
at

w
e
cannot

apply
∀
or

∃
to

func-
tion

sym
b
ols

or
pre

d
icate

s,
w
e
h
ave

w
h
at

is
calle

d
th

e
first-ord

er
pred

icate
calculus.

B
asically

all
of

stand
ard

m
ath

e
m
atics

use
s
it.

•
B
ut

w
h
at

good
is

it?
H
ow

can
w
e
ge

t
m
e
aningful

inform
ation

b
y
just

m
anipulating

m
e
aningle

ss
sym

b
ols?
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M
e
a
ning

from
A
sse

rtions

•
E
ve

n
if

w
e
can’t

say
e
x
actly

w
h
at

a
sym

b
ols

m
e
ans,

w
e
can

asse
rt

various
se

nte
nce

s
ab

out
it

th
at

constrain
its

possib
le

m
eanings.

•
F
or

e
x
am

ple
,suppose

th
at,b

e
sid

e
s
th

e
stand

ard
logicalconne

ctive
s,

quantifie
rs,

and
=
,
w
e
allow

only
th

e
re

lation
pre

d
icate

≤
.

•
If

w
e
say

noth
ing

e
lse

,
≤

could
m
e
an

anyth
ing.

•
B
ut

suppose
w
e
asse

rt
a
fe

w
th

ings:

∀
x
,y
(x

≤
y
∨
y
≤

x
)

∀
x
,y
(x

≤
y
&

y
≤

x
→

x
=
y
)

∀
x
,y
,z(x

≤
y
&

y
≤

z
→

x
≤

z)

•
T
h
is

re
stricts

th
e
possib

le
m
e
anings

of
≤

to
total

ord
e
rings.

•
C
e
rtain

oth
e
r
th

ings
m
ust

now
b
e
true

.
E
.g.,

∀
x
(x

≤
x
).

•
B
ut

th
e
re

are
ad

d
itional

state
m
e
nts

involving
only

≤
w
h
ose

truth
is

not
so

constraine
d
.
E
x
am

ple
?
∃
y
∀
x
(y

≤
x
)

•
F
or

our
“th

e
ory

of
≤
”,

it
is

possib
le

to
ad

d
ad

d
itional

ax
iom

s
to

e
lim

inate
all

such
ind

epend
ent

state
m
e
nts.

Is
th

is
alw

ays
possib

le
?
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Proofs

•
B
ig

I
d
e
a
:
If

w
e
can

ad
d
e
nough

constraints
to

ge
t
th

e
prope

rtie
s

w
e
w
ant

for
our

sym
b
ols,

w
e
can

d
ispe

nse
w
ith

m
e
ssy

m
e
anings

(se
-

m
antics)

and
d
o
e
ve

ryth
ing

b
y
m
anipulations

of
syntax

(e
.g.,

w
h
ich

w
e
could

re
pre

se
nt

as
ope

rations
on

S
ch

e
m
e
e
x
pre

ssions).

•
W

e
call

th
e
se

constraining
asse

rtions

–
A
x
iom

s:
(e
.g,

∀
x
,y
(x

≤
y
∨
y
≤

x
))

–
A
x
iom

sch
em

as:
te

m
plate

s
stand

ing
for

an
infinite

num
b
e
r
of

ax
-

iom
s,

such
as

A
&

B
→

A
.

•
A

proof
of

a
state

m
e
nt,

A
,
is

d
e
fine

d
as

a
finite

se
que

nce
of

finite
state

m
e
nts

e
nd

ing
w
ith

A
such

th
at

e
ach

state
m
e
nt

is
e
ith

e
r

–
A
n
ax

iom
(like

∀
x
,y
.x

+
y
=

y
+

x
),

or
an

instance
of

an
ax

iom
sch

e
m
a
(like

x
<

y
∧
y

<
z

⇒
x

<
y,

w
h
ich

is
th

e
re

sult
of

plugging
x
<

y
and

y
<

z
into

A
∧
B

⇒
A
);

–
T
h
e
re

sult
of

applying
one

of
a
fe

w
inference

rules
to

pre
ce

d
ing

state
m
e
nts

in
th

e
proof.

M
ost

w
e
ll-know

n
infe

re
nce

rule
is

m
od

us
ponens:

can
ad

d
D

to
a
proof

if
th

e
re

are
pre

ce
d
ing

state
m
e
nts

C
and

C
⇒

D
.
U
sually

d
on’t

h
ave

too
m
any

oth
e
r
rule

s.
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Proofs
(I
I
)

•
T
h
e
se

t
of

ax
iom

s
and

sch
e
m
as

is
finite

,
and

a
program

can
te

ll
if

it
is

looking
at

an
ax

iom
.

•
L
ike

w
ise

,th
e
infe

re
nce

rule
s
m
ust

b
e
finite

and
algorith

m
ically

ch
e
ck-

ab
le
.

•
G
ive

n
an

alle
ge

d
form

al
proof,

it
is

a
purely

clerical
task

to
d
e
te

r-
m
ine

th
at

it
actually

is
a
proof.

•
A

m
ath

e
m
atician’s

se
cre

tary
or

a
program

can
m
ake

th
is

d
e
te

rm
ina-

tion.

•
F
urth

e
rm

ore
,
if

a
proof

of
A

e
x
ists,

can
find

it
in

finite
(alb

e
it

e
norm

ous)
tim

e
b
y
ge

ne
rating

and
ch

e
cking

all
possib

le
proofs.
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G
öd

e
l
N
um

b
e
rs

•
F
orm

ulas
and

proofs
in

a
form

al
syste

m
are

just
finite

se
que

nce
s
of

sym
b
ols

from
som

e
finite

alph
ab

e
t.

S
o
are

program
s.

•
W

e
can

e
ncod

e
any

se
que

nce
of

sym
b
ols

as
an

inte
ge

r
in

m
any

w
ays.

F
or

e
x
am

ple
,
prod

uce
a
m
apping

like

’
a
’
=
>

0
1
,
’
b
’
=
>

0
2
,
.
.
.
,
’
0
’
=
>

5
3
,
.
.
.
,

’
+
’
=
>

6
3
,
’
*
’

=
>
6
4
,
.
.
.

and
th

e
n,

e
.g.,

e
ncod

e
"a
*
c"

as
0
16

4
0
3
.

•
S
uch

an
e
ncod

ing
is
calle

d
a
G
öd

elnum
b
ering

of
th

e
form

ulas,proofs,
program

s,
or

oth
e
r
sym

b
ol

string.

•
W

h
y
is

th
is

inte
re

sting?
It

allow
s
us

to
d
o
sym

b
ol

m
anipulation

w
ith

arith
m
e
tic.

In
fact,

it
allow

s
us

to
w
rite

and
prove

th
e
ore

m
s
ab

out
sym

b
ols,

logical
state

m
e
nts,

proofs,
and

program
s
using

th
e
th

e
ory

of
inte

ge
rs.
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I
ncom

ple
te

ne
ss

•
U
sing

noth
ing

b
ut

th
e
stand

ard
arith

m
e
tical

ope
rators,

logical
sym

-
b
ols,

and
fre

e
inte

ge
r
variab

le
s
p,

x
,
and

k
,
can

w
rite

a
se

nte
nce

,
call

it
H

p
,x
,k ,

th
at

m
e
ans

“th
e
program

re
pre

se
nte

d
b
y
G
öd

e
l
num

-
b
e
r
p,

w
h
e
n
give

n
th

e
input

x
,
finish

e
s
running

in
k
ste

ps.”
(It’s

not
d
ifficult,

b
ut

re
ally

te
d
ious;

take
m
y
w
ord

for
it).

•
S
o
th

e
form

ula
∃
k
.H

p
,x
,k
m
e
ans

“program
p
h
alts

give
n
input

x
.”

•
If

w
e
can

prove
th

is
form

ula,
w
e
h
ave

sh
ow

n
th

at
program

p
h
alts,

and
if

w
e
can

prove
¬
∃
k
.H

p
,x
,k ,

w
e
h
ave

sh
ow

n
th

at
p
d
oe

s
not

h
alt.

•
B
ut

I
said

in
a
pre

vious
slid

e
th

at
if

th
e
re

is
a
proof

of
a
state

m
e
nt,

a
program

can
find

it.
S
o
b
y
w
riting

a
program

th
at,

give
n
x

and
p,

trie
s
to

prove
b
oth

∃
k
.H

p
,x
,k

and
¬
∃
k
.H

p
,x
,k ,

w
e
could

solve
th

e
h
alting

prob
le
m

(th
e
program

w
ould

ge
ne

rate
all

possib
le

proofs
and

ch
e
ck

e
ach

one
to

se
e
if

it
prove

d
one

of
th

e
tw

o
se

nte
nce

s.)

•
B
ut

th
e
h
alting

prob
le
m

is
unsolvab

le
.
T
h
e
re

fore
:

T
h
e
re

m
ust

b
e
value

s
of

p
and

x
such

th
at

ne
ith

e
r
∃
k
.H

p
,x
,k
nor

¬
∃
k
.H

p
,x
,k
can

b
e
prove

n.
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T
h
e
I
ncom

ple
te

ne
ss

T
h
e
ore

m

•
T
h
is

re
sult

is
a
w
e
ak

form
of

G
öd

e
l’s

(F
irst)

Incom
ple

te
ne

ss
T
h
e
ore

m
(19

3
1).

A
ny

consiste
nt

m
ath

e
m
atical

syste
m

th
at

includ
e
s
th

e
th

e
ory

of
th

e
inte

-
ge

rs
m
ust

contain
an

infinite
num

b
e
r
of

und
ecid

ab
le

propositions
w
h
e
re

ne
ith

e
r

th
e
proposition

nor
its

ne
gation

h
ave

a
proof.

•
T
w
o
b
ig

que
stions

surround
th

e
se

form
alsyste

m
s
w
e
’ve

b
e
e
n
talking

ab
out:

–
A
re

th
e
y
consistent:

Is
w
h
at

th
e
y
purport

to
prove

true
?

–
A
re

th
e
y
com

plete:
C
an

all
th

e
true

th
ings

b
e
prove

n?

•
C
onsiste

ncy
allow

s
us

to
h
ave

faith
in

our
proofs.

C
om

ple
te

ne
ss

al-
low

s
us

to
re

ly
on

proof
e
x
clusive

ly.

•
T
h
e
incom

ple
te

ne
ss

th
e
ore

m
m
igh

t
se

e
m

to
say

th
at

th
e
latte

r
is

im
possib

le
.
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C
om

ple
te

ne
ss

•
B
ut

now
th

ings
ge

t
re

ally
strange

.

•
T
h
e
ye

ar
b
e
fore

G
öd

e
l
prove

d
th

e
first

of
h
is

incom
ple

te
ne

ss
th

e
o-

re
m
s,

h
e
prove

d
th

e
C
om

ple
te

ne
ss

T
h
e
ore

m
:

A
ny

valid
logical

se
nte

nce
is

provab
le
.

•
B
ut

one
of

∃
k
.H

p
,x
,k
and

¬
∃
k
.H

p
,x
,k
h
as

to
b
e
true

,
so

h
ow

can
th

e
y

b
oth

b
e
unprovab

le
?

•
T
h
e
re

is
b
ut

one
w
ay

out:
“valid

”
d
oe

sn’t
m
e
an

w
h
at

w
e
th

ink.

•
A

se
nte

nce
is

valid
if

it
is

true
for

all
m
od

els:
all

ch
oice

s
of

w
h
at

se
t
of

value
s
(“d

om
ain”)

∀
x
cove

rs
and

allinte
rpre

tations
of

its
“non-

b
uilt-in”

sym
b
ols

(e
.g.,

≤
,
+,

-,
*,

0
,
e
tc.)

th
at

satisfy
th

e
ax

iom
s.

•
S
o
a
state

m
e
nt

can
b
e
true

in
one

m
od

e
l
and

ye
t
not

b
e
valid

if
it

is
false

und
e
r
a
d
iffe

re
nt

m
od

e
l.

•
S
o
pe

rh
aps

it
is

not
th

at
w
e
can’t

know
w
h
e
th

e
r
som

e
state

m
e
nts

are
true

so
m
uch

as
th

at
w
e
can

ch
oose

w
h
e
th

e
r
w
e
w
ant

th
e
m

to
b
e
true

,
b
y
se

le
cting

th
e
righ

t
m
od

e
l.

•
O
r,

pe
rh

aps,
th

at
first-ord

e
r
pre

d
icate

calculus
cannot

e
x
pre

ss
all

th
e
ax

iom
s
w
e
h
ave

in
m
ind

w
h
e
n
w
e
th

ink
of

th
e
inte

ge
rs.
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N
onsta

nd
a
rd

M
od

e
ls

•
T
o
ch

oose
a
m
od

e
l
(or

rath
e
r
to

“unch
oose

”
som

e
oth

e
r
m
od

e
ls),

w
e

ad
d
ax

iom
s
to

our
syste

m
,
narrow

ing
d
ow

n
th

e
possib

le
m
od

e
ls.

•
S
om

e
tim

e
s
(as

w
ith

our
“th

e
ory

of
≤
”),

w
e
can

narrow
th

ings
d
ow

n
to

th
e
point

w
h
e
re

allstate
m
e
nts

are
e
ith

e
r
provab

le
or

d
isprovab

le
.

T
h
e
se

syste
m
s
are

com
plete.

•
G
öd

e
l’s

re
sult,h

ow
e
ve

r,te
lls

us
th

at
w
h
e
n
a
syste

m
b
e
com

e
s
pow

e
r-

ful
e
nough

(spe
cifically,

w
h
e
n
it

e
ncom

passe
s
e
nough

of
th

e
th

e
ory

of
th

e
inte

ge
rs),

it
is

no
longe

r
possib

le
to

com
ple

te
it

in
th

is
fash

-
ion,

e
x
ce

pt
b
y
ad

d
ing

contrad
ictory

ax
iom

s
th

at
m
ake

our
syste

m
inconsistent.

(A
t
w
h
ich

point,
all

state
m
e
nts

are
provab

le
,
w
h
ich

is
use

le
ss.)

•
O
ne

im
plication:

T
h
e
re

m
ust

b
e
non-stand

ard
m
od

e
ls
of

arith
m
e
tic—

inte
rpre

tations
in

w
h
ich

th
e
re

are
inte

ge
rs

oth
e
r
th

an
th

e
fam

iliar
0
,
1,

2
,
....
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