
L
e
cture

#
8
:
M
ore

on
F
unctions

L
ast

m
od

ified
:
S
un

F
eb

19
15

:4
4
:2
9
2
0
17

C
S
6
1A

:
L
ecture

#
8

1

A
noth

e
r
R
e
cursion

Prob
le
m
:
C
ounting

Pa
rtitions

•
I’d

like
to

know
th

e
num

b
e
r
of

d
istinct

w
ays

of
e
x
pre

ssing
an

inte
ge

r
as

a
sum

of
positive

inte
ge

r
“parts.”

•
T
o
m
ake

th
ings

m
ore

inte
re

sting,
le
t’s

also
lim

it
th

e
size

of
th

e
in-

te
ge

r
parts

to
som

e
give

n
value

:

d
e
f
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k
)
:

"
"
"
N
u
m
b
e
r
o
f

d
i
s
t
i
n
c
t
w
a
y
s
t
o

e
x
p
r
e
s
s
N

a
s

a
s
u
m

o
f
p
o
s
i
t
i
v
e

i
n
t
e
g
e
r
s
e
a
c
h
o
f
w
h
i
c
h
i
s

<
=
K
,

w
h
e
r
e
K

>
0
.
(
T
h
e
e
m
p
t
y
s
u
m

i
s
0
.
)
"
"
"

•
E
x
am

ple
:

x
o
6
=

3
+
3

=
3
+
2
+
1

=
3
+
1
+
1
+
1

=
2
+
2
+
2

=
2
+
2
+
1
+
1

=
2
+
1
+
1
+
1
+
1

=
1
+
1
+
1
+
1
+
1
+
1

so
n
u
m
p
a
r
t
i
t
i
o
n
s
(
6
,
3
)
is

7
.
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I
d
e
ntify

ing
th

e
Prob

le
m

in
th

e
Prob

le
m

•
A
gain,

consid
e
r
n
u
m
p
a
r
t
i
t
i
o
n
s
(
6
,
3
).

•
S
om

e
partitions

w
ill

contain
th

e
m
ax

im
um

size
inte

ge
r,

3
,
and

th
e

re
st

w
on’t.

•
T
h
ose

th
at

d
o
contain

3
th

e
n
h
ave

various
w
ays

to
partition

th
e

re
m
aining

3
.

3
+

3

3
+

2
+

1

3
+

1
+

1
+
1

•
W

h
ile

th
ose

th
at

d
o
not

contain
3
partition

6
using

inte
ge

rs
no

large
r

th
an

2
:2

+
2
+

2

2
+

2
+

1
+
1

2
+

1
+
1

+
1
+

1

1
+

1
+
1

+
1
+

1
+

1

•
T
h
e
se

ob
se

rvation
ge

ne
ralize

,
and

le
ad

im
m
e
d
iate

ly
to

a
solution.
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C
ounting

Pa
rtitions:

C
od

e
(I
)

d
e
f
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k
)
:

"
"
"
N
u
m
b
e
r
o
f
d
i
s
t
i
n
c
t
w
a
y
s

t
o
e
x
p
r
e
s
s
N
a
s

a
s
u
m

o
f
p
o
s
i
t
i
v
e

i
n
t
e
g
e
r
s
e
a
c
h
o
f
w
h
i
c
h
i
s

<
=
K
,

w
h
e
r
e
K
>

0
.

(
T
h
e
e
m
p
t
y
s
u
m

i
s
0
.
)
"
"
"

i
f

:

r
e
t
u
r
n
0

e
l
i
f

:

r
e
t
u
r
n
1

e
l
s
e
:

r
e
t
u
r
n

:
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C
ounting

Pa
rtitions:

C
od

e
(I
I
)

d
e
f
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k
)
:

"
"
"
N
u
m
b
e
r
o
f
d
i
s
t
i
n
c
t
w
a
y
s

t
o
e
x
p
r
e
s
s
N
>
=
0
a
s
a

s
u
m
o
f

p
o
s
i
t
i
v
e

i
n
t
e
g
e
r
s
e
a
c
h
o
f
w
h
i
c
h
i
s

<
=
K
,

w
h
e
r
e
K
>

0
.

(
T
h
e
e
m
p
t
y
s
u
m

i
s
0
.
)
"
"
"

i
f

n
<

0
:

r
e
t
u
r
n
0

e
l
i
f

:

r
e
t
u
r
n
1

e
l
s
e
:

r
e
t
u
r
n

:
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C
ounting

Pa
rtitions:

C
od

e
(I
I
I
)

d
e
f
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k
)
:

"
"
"
N
u
m
b
e
r
o
f
d
i
s
t
i
n
c
t
w
a
y
s

t
o
e
x
p
r
e
s
s
N
>
=
0
a
s
a

s
u
m
o
f

p
o
s
i
t
i
v
e

i
n
t
e
g
e
r
s
e
a
c
h
o
f
w
h
i
c
h
i
s

<
=
K
,

w
h
e
r
e
K
>

0
.

(
T
h
e
e
m
p
t
y
s
u
m

i
s
0
.
)
"
"
"

i
f

n
<

0
:

r
e
t
u
r
n
0

e
l
i
f
k

=
=

1
o
r

n
<
=

1
:

r
e
t
u
r
n
1

e
l
s
e
:

r
e
t
u
r
n

:
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C
ounting

Pa
rtitions:

C
od

e
(I
V
)

d
e
f
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k
)
:

"
"
"
N
u
m
b
e
r
o
f
d
i
s
t
i
n
c
t
w
a
y
s

t
o
e
x
p
r
e
s
s
N
>
=
0
a
s
a

s
u
m
o
f

p
o
s
i
t
i
v
e

i
n
t
e
g
e
r
s
e
a
c
h
o
f
w
h
i
c
h
i
s

<
=
K
,

w
h
e
r
e
K
>

0
.

(
T
h
e
e
m
p
t
y
s
u
m

i
s
0
.
)
"
"
"

i
f

n
<

0
:

r
e
t
u
r
n
0

e
l
i
f
k

=
=

1
o
r

n
<
=

1
:

r
e
t
u
r
n
1

e
l
s
e
:

r
e
t
u
r
n
n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
-
k
,

k
)
+

n
u
m
p
a
r
t
i
t
i
o
n
s
(
n
,
k

-
1
)
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F
unctions

a
nd

D
a
ta

•
W

e
te

nd
to

th
ink

of
functions

as
sim

ply
d
oing

or
com

puting
som

e
-

th
ing

w
ith

d
ata.

•
In

fact,
th

e
y
can

also
re

pre
se

nt
or

contain
d
ata

th
e
m
se

lve
s.

•
T
rivial

e
x
am

ple
:

>
>
>
d
e
f
c
o
n
s
t
(
n
)
:

.
.
.

r
e
t
u
r
n
l
a
m
b
d
a
:
n

>
>
>
x
,

y
=

c
o
n
s
t
(
5
)
,
c
o
n
s
t
(
1
1
)

>
>
>
p
r
i
n
t
(
x
(
)
,
y
(
)
)

5
1
1

•
T
h
e
functions

re
turne

d
b
y
c
o
n
s
t
contain

pointe
rs

to
th

e
localfram

e
s

cre
ate

d
w
h
e
n
c
o
n
s
t
w
as

calle
d
,
w
h
ich

in
turn

contain
copie

s
of

th
e

argum
e
nt

value
s
(5

and
11).
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F
unctions

a
nd

D
a
ta

(I
I
)

•
W

e
can

ge
t
a
b
it

fancie
r:

>
>
>
d
e
f
c
o
n
s
(
l
e
f
t
,
r
i
g
h
t
)
:

.
.
.

r
e
t
u
r
n
l
a
m
b
d
a
w
h
i
c
h
:
l
e
f
t
i
f
w
h
i
c
h
e
l
s
e
r
i
g
h
t

>
>
>
P

=
c
o
n
s
(
"
v
a
l
u
e
"
,
4
2
)

>
>
>
p
r
i
n
t
(
P
(
T
r
u
e
)
,
P
(
F
a
l
s
e
)
)

v
a
l
u
e
4
2

>
>
>
L

=
c
o
n
s
(
1
,
c
o
n
s
(
2
,
c
o
n
s
(
3
,
N
o
n
e
)
)
)

>
>
>
p
r
i
n
t
(
L
(
T
r
u
e
)
,
L
(
F
a
l
s
e
)
(
T
r
u
e
)
,
L
(
F
a
l
s
e
)
(
F
a
l
s
e
)
(
T
r
u
e
)
,

.
.
.

L
(
F
a
l
s
e
)
(
F
a
l
s
e
)
(
F
a
l
s
e
)
)

1
2
3

N
o
n
e

(S
e
e
th

e
c
h
a
i
n
e
x
am

ple
at

th
e
e
nd

of
L
e
cture

#
4
.)

•
S
o,

in
e
ffe

ct,
value

s
re

turne
d
b
y
c
o
n
s
are

lists
of

value
s.
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T
h
e
Pa

ir
A
b
stra

ction

•
H
ow

e
ve

r,w
riting

P
(
T
r
u
e
)
for

“th
e
le
ft

part
of

P”
is

not
th

e
cle

are
st

cod
e
one

could
im

agine
.

•
B
e
tte

r
to

e
x
pre

ss
th

e
program

m
e
r’s

inte
nt:

>
>
>
d
e
f
c
o
n
s
(
l
e
f
t
,
r
i
g
h
t
)
:

.
.
.

r
e
t
u
r
n
l
a
m
b
d
a
w
h
i
c
h
:
l
e
f
t
i
f
w
h
i
c
h
e
l
s
e
r
i
g
h
t

>
>
>
d
e
f
l
e
f
t
(
p
a
i
r
)
:
r
e
t
u
r
n
p
a
i
r
(
T
r
u
e
)

>
>
>
d
e
f
r
i
g
h
t
(
p
a
i
r
)
:
r
e
t
u
r
n
p
a
i
r
(
F
a
l
s
e
)

>
>
>
P

=
c
o
n
s
(
"
v
a
l
u
e
"
,
4
2
)

>
>
>
p
r
i
n
t
(
l
e
f
t
(
P
)
,
r
i
g
h
t
(
P
)
)

v
a
l
u
e
4
2

•
T
oge

th
e
r,

th
e
se

th
re

e
functions

d
e
fine

a
d
ata

type
.

•
T
h
e
d
ata

(pairs)
are

represented
b
y
functions

re
turne

d
b
y
c
o
n
s.

•
l
e
f
t
and

r
i
g
h
t
are

th
e
b
asic

o
p
e
r
a
t
i
o
n
s
on

th
e
d
ata

type
.

•
If

w
e
use

th
e
se

c
o
n
s,

l
e
f
t,

and
r
i
g
h
t
and

th
re

e
functions

and
ig-

nore
th

e
fact

th
at

c
o
n
s
re

ally
prod

uce
s
a
function

rath
e
r
th

an
a

pair,
w
e
are

ob
e
ying

th
e
ab

straction
b
arrier.
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D
a
ta

A
b
stra

ction
Ph

ilosoph
y

•
In

th
e
old

d
ays,

one
d
e
scrib

e
d
program

s
as

h
ie
rarch

ie
s
of

actions:
proced

ural
d
ecom

position.

•
S
tarting

in
th

e
19

7
0
’s,

e
m
ph

asis
m
ove

d
to

th
e
d
ata

th
at

th
e
func-

tions
ope

rate
on.

•
A
n
ab

stract
d
ata

type
(A

D
T
)
(like

th
e
pair

ab
straction)

re
pre

se
nts

som
e
kind

of
th

ing
and

th
e
ope

rations
upon

it.

•
Instance

s
of

th
e
type

are
ofte

n
ge

ne
rically

calle
d
ob

jects.

•
W

e
can

use
fully

organize
our

program
s
around

th
e
A
D
T
s
in

th
e
m
.

•
F
or

e
ach

type
,
w
e

d
e
fine

an
interface

th
at

d
e
scrib

e
s
for

use
rs

(“clie
nts”)

of
th

at
type

of
d
ata

w
h
at

ope
rations

are
availab

le
.

•
T
ypically,

th
e
inte

rface
consists

of
functions.

•
T
h
e
colle

ction
of

spe
cifications

(syntactic
and

se
m
antic—

se
e
le
c-

ture
#
6
)
constitute

a
specification

of
th

e
type.

•
W

e
call

A
D
T
s
ab

stract
b
e
cause

clie
nts

id
e
ally

ne
e
d
not

know
inte

r-
nals.
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R
a
tiona

l
N
um

b
e
rs

•
T
h
e
b
ook

use
s
“rational

num
b
e
r”

as
an

e
x
am

ple
of

an
A
D
T
:

d
e
f
m
a
k
e
r
a
t
(
n
,
d
)
:

"
"
"
T
h
e
r
a
t
i
o
n
a
l
n
u
m
b
e
r
n
/
d
,
a
s
s
u
m
i
n
g
n
,
d

a
r
e
i
n
t
e
g
e
r
s
,
d
!
=
0
"
"
"

d
e
f
a
d
d
r
a
t
(
x
,
y
)
:

"
"
"
T
h
e
s
u
m
o
f

r
a
t
i
o
n
a
l
n
u
m
b
e
r
s
x
a
n
d

y
.
"
"
"

d
e
f
m
u
l
r
a
t
(
x
,
y
)
:

"
"
"
T
h
e
p
r
o
d
u
c
t
o
f
r
a
t
i
o
n
a
l
n
u
m
b
e
r
s
x

a
n
d
y
.
"
"
"

d
e
f
n
u
m
e
r
(
r
)
:

"
"
"
T
h
e
n
u
m
e
r
a
t
o
r
o
f

r
a
t
i
o
n
a
l
n
u
m
b
e
r
r
.
"
"
"

d
e
f
d
e
n
o
m
(
r
)
:

"
"
"
T
h
e
d
e
n
o
m
i
n
a
t
o
r
o
f
r
a
t
i
o
n
a
l
n
u
m
b
e
r
r
.
"
"
"

•
T
h
e
se

d
e
finitions

pre
te

nd
th

at
x
,
y
,
and

r
re

ally
are

rational
num

-
b
e
rs.

•
B
ut

from
th

is
point

of
vie

w
,
th

e
d
e
finitioins

of
n
u
m
e
r
and

d
e
n
o
m
are

prob
le
m
atic.

W
h
y?
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A
B
e
tte

r
S
pe

cifica
tion

•
Prob

le
m

is
th

at
“th

e
num

e
rator

(d
e
nom

inator)
of

r”
is
not

w
e
ll-d

e
fine

d
for

a
rational

num
b
e
r.

•
If

m
a
k
e
r
a
t
re

ally
prod

uce
d
rational

num
b
e
rs,

th
e
n
m
a
k
e
r
a
t
(
2
,
4
)

and
m
a
k
e
r
a
t
(
1
,
2
)
ough

t
to

b
e
id
e
ntical.

S
o
sh

ould
m
a
k
e
r
a
t
(
1
,

-
1
)
and

m
a
k
e
r
a
t
(
-
1
,
1
).

•
S
o
a
b
e
tte

r
spe

cification
w
ould

b
e

d
e
f
n
u
m
e
r
(
r
)
:

"
"
"
T
h
e
n
u
m
e
r
a
t
o
r
o
f

r
a
t
i
o
n
a
l
n
u
m
b
e
r
r

i
n
l
o
w
e
s
t
t
e
r
m
s
.
"
"
"

d
e
f
d
e
n
o
m
(
r
)
:

"
"
"
T
h
e
d
e
n
o
m
i
n
a
t
o
r
o
f

r
a
t
i
o
n
a
l
n
u
m
b
e
r
r
i
n

l
o
w
e
s
t
t
e
r
m
s
.

A
l
w
a
y
s
p
o
s
i
t
i
v
e
.
"
"
"
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R
a
tiona

ls
a
s
Pa

irs
(I
)

•
O
ur

pair
ab

straction
(re

pre
se

nte
d
b
y
functions)

can
in

turn
re

pre
-

se
nt

rational
num

b
e
rs.

f
r
o
m
m
a
t
h
i
m
p
o
r
t
g
c
d

#
N
e
e
d
P
y
t
h
o
n
3
.
5
a
c
t
u
a
l
l
y
.

d
e
f
m
a
k
e
r
a
t
(
n
,
d
)
:

"
"
"
T
h
e
r
a
t
i
o
n
a
l
n
u
m
b
e
r
n
/
d
,
a
s
s
u
m
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