
A
nnounce

m
e
nts

•
C
om

pute
r-S

cie
nce

M
e
ntors

(C
S
M
)
w
ill

b
e

ope
ning

se
ction

signups
tonigh

t
(M

ond
ay,

J
an.

3
0
)
at

8
pm

.
D
e
tails

w
ill

appe
ar

on
Piazza.

•
S
tarting

th
is

F
rid

ay,
I’ll

start
a
se

rie
s
of

e
x
tra

le
cture

s
for

th
ose

w
h
o
w
ant

th
e
m
,4

:3
0
-6

:0
0
PM

in
3
0
6
S
od

a,cove
ring

various
topics

w
e

d
on’t

h
ave

room
for.

It
is

com
ple

te
ly

optional,
and

is
not

inte
nd

e
d

to
h
e
lp

you
w
ith

th
e
course

.
S
ign

up
for

1
unit

of
C
S
19

8
P/N

P
und

e
r

C
C
N

3
4
6
9
1
if

inte
re

ste
d
.
T
o
ge

t
th

e
unit,

atte
nd

ance
re

quire
d
,
and

a
fe

w
h
om

e
w
orks.

•
H
W

2
w
ill

b
e
re

le
ase

d
tod

ay.
D
ue

ne
x
t
M
ond

ay.
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R
e
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Ph
ilosoph

y
of

F
unctions

(I
)

d
e
f
s
q
r
t
(
x
)
:

"
"
"
A
s
s
u
m
i
n
g
X

>
=
0
,

r
e
t
u
r
n
s
a
p
p
r
o
x
i
m
a
t
i
o
n
t
o
s
q
u
a
r
e
r
o
o
t
o
f
X
.
"
"
"

S
yntactic

specification
(signature)

Precond
ition

Postcond
ition

S
em

antic
specification

•
S
pe

cifie
s
a
contract

b
e
tw

e
e
n
calle

r
and

function
im

ple
m
e
ntor.

•
S
y
nta

ctic
spe

cifica
tion

give
s
syntax

for
calling

(num
b
e
r
of

argu-
m
e
nts).

•
S
e
m
a
ntic

spe
cifica

tion
te

lls
w
h
at

it
d
oe

s:

–
Pre

cond
itions

are
re

quire
m
e
nts

on
th

e
calle

r.

–
Postcond

itions
are

prom
ise

s
from

th
e
function’s

im
ple

m
e
ntor.
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Ph
ilosoph

y
of

F
unctions

(I
I
)

•
Id

e
ally,

th
e
spe

cification
(syntactic

and
se

m
antic)

sh
ould

suffice
to

use
th

e
function

(i.e
.,
w
ith

out
se

e
ing

th
e
b
od

y).

•
T
h
e
re

is
a
separation

of
concerns

h
e
re

:

–
T
h
e
calle

r
(clie

nt)
is

conce
rne

d
w
ith

provid
ing

value
s
of

x
,
a,

b
,

and
c
and

using
th

e
re

sult,
b
ut

not
h
ow

th
e
re

sult
is

com
pute

d
.

–
T
h
e
im

ple
m
e
ntor

is
conce

rne
d
w
ith

h
ow

th
e
re

sult
is

com
pute

d
,

b
ut

not
w
h
e
re

x
,
a,

b
,
and

c
com

e
from

or
h
ow

th
e
value

is
use

d
.

–
F
rom

th
e
clie

nt’s
point

of
vie

w
,
s
q
r
t
is

an
ab

straction
from

th
e

se
t
of

possib
le

w
ays

to
com

pute
th

is
re

sult.

–
W

e
call

th
is

particular
kind

functional
ab

straction.

•
Program

m
ing

is
large

ly
ab

out
ch

oosing
ab

stractions
th

at
le
ad

to
cle

ar,
fast,

and
m
aintainab

le
program

s.

L
ast

m
od

ified
:
S
un

F
eb

19
15

:11:5
4
2
0
17

C
S
6
1A

:
L
ecture

#
6

4

Ph
ilosoph

y
of

F
unctions

(I
I
I
)

•
E
ach

function
sh

ould
h
ave

e
x
actly

one
,
logically

coh
e
re

nt
and

w
e
ll

d
e
fine

d
job

.

–
Inte

lle
ctual

m
anage

ab
ility.

–
E
ase

of
te

sting.

•
F
unctions

sh
ould

b
e
prope

rly
d
ocum

e
nte

d
,
e
ith

e
r
b
y
h
aving

nam
e
s

(and
param

e
te

r
nam

e
s)

th
at

are
unam

b
iguously

und
e
rstand

ab
le
,
or

b
y
h
aving

com
m
e
nts

(d
ocstrings

in
Pyth

on)
th

at
accurate

ly
d
e
scrib

e
th

e
m
.

–
S
h
ould

b
e
ab

le
to

und
e
rstand

cod
e
th

at
calls

a
function

w
ith

out
re

ad
ing

th
e
b
od

y
of

th
e
function.

•
D
on’t

R
e
pe

at
Y
ourse

lf
(D

R
Y
).

–
S
im

plifie
s
re

visions.

–
Isolate

s
prob

le
m
s.
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Ph
ilosoph

y
of

F
unctions

(I
V
)

•
C
orollary

of
D
R
Y
:
M
ake

functions
ge

ne
ral

–
copy-paste

le
ad

s
to

m
ainte

nance
h
e
ad

ach
e
s

•
T
aking

tw
o
(ne

arly)
re

pe
ate

d
se

ctions
of

program
cod

e
and

turning
th

e
m

into
calls

to
a
com

m
on

function
is

an
e
x
am

ple
of

refactoring.

•
K
e
e
p
nam

e
s
of

functions
and

param
e
te

rs
m
e
aningful:

I
nste

a
d

of
U
se

b
oole

an
turn

is
ove

r
d

d
ice

h
e
lpe

r
take

turn

(B
ow

ling
ex

am
ple

F
rom

K
ernigh

an&
Plauger):

y
score

L
b
all

f
fram

e
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S
im

ple
L
ine

a
r
R
e
cursions

(R
e
vie

w
)

•
W

e
’ve

b
e
e
n
d
e
aling

w
ith

re
cursive

function
(th

ose
th

at
call

th
e
m
-

se
lve

s,
d
ire

ctly
or

ind
ire

ctly)
for

a
w
h
ile

now
.

•
F
rom

L
e
cture

#
3
:

d
e
f
s
u
m
s
q
u
a
r
e
s
(
N
)
:

"
"
"
T
h
e
s
u
m
o
f

K
*
*
2
f
o
r
K

f
r
o
m
1

t
o
N

(
i
n
c
l
u
s
i
v
e
)
.
"
"
"

i
f

N
<

1
:

r
e
t
u
r
n
0

e
l
s
e
:r
e
t
u
r
n
N
*
*
2
+

s
u
m
s
q
u
a
r
e
s
(
N
-
1
)

•
T
h
is

is
a
sim

ple
linear

recursion,
w
ith

one
re

cursive
call

pe
r
function

instantiation.

•
C
an

im
agine

a
call

as
an

e
x
pansion:

s
u
m
s
q
u
a
r
e
s
(
3
)
=
>
3
*
*
2
+

s
u
m
s
q
u
a
r
e
s
(
2
)

=
>

3
*
*
2
+
2
*
*
2

+
s
u
m
s
q
u
a
r
e
s
(
1
)

=
>

3
*
*
2
+
2
*
*
2

+
1
*
*
2
+

s
u
m
s
q
u
a
r
e
s
(
0
)

=
>

3
*
*
2
+
2
*
*
2

+
1
*
*
2
+

0
=
>
1
4

•
E
ach

call
in

th
is

e
x
pansion

corre
spond

s
to

an
e
nvironm

e
nt

fram
e
,

linke
d
to

th
e
glob

al
fram

e
,
as

sh
ow

n
h
e
re

.
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T
a
il
R
e
cursion

•
W

e
’ve

also
se

e
n
a
spe

cial
kind

of
line

ar
re

cursion
th

at
is

strongly
linke

d
to

ite
ration:

d
e
f
s
u
m
s
q
u
a
r
e
s
(
N
)
:

"
"
"
T
h
e
s
u
m
o
f

K
*
*
2

f
o
r
1

<
=

K
<
=

N
.
"
"
"

a
c
c
u
m
=

0

k
=
1

w
h
i
l
e
k

<
=
N
:

a
c
c
u
m
+
=

k
*
*
2

k
+
=

1

r
e
t
u
r
n
a
c
c
u
m

d
e
f
s
u
m
s
q
u
a
r
e
s
(
N
)
:

"
"
"
T
h
e
s
u
m

o
f
K
*
*
2

f
o
r

1
<
=

K
<
=
N
.
"
"
"

d
e
f

p
a
r
t
s
u
m
(
k
,
a
c
c
u
m
)
:

i
f
k

<
=
N
:

r
e
t
u
r
n
p
a
r
t
s
u
m
(
k
+
1
,
a
c
c
u
m
+
k
*
*
2
)

e
l
s
e
:

r
e
t
u
r
n
a
c
c
u
m

p
a
r
t
s
u
m
(
1
,
0
)

•
T
h
e
righ

t
ve

rsion
is

a
tail-recursive

function:
th

e
re

cursive
call

is
e
ith

e
r
th

e
re

turne
d
value

or
ve

ry
last

action
pe

rform
e
d
.

•
T
h
e
e
nvironm

e
nt

fram
e
s
corre

spond
to

th
e
ite

rations
of

th
e
loop

on
th

e
le
ft,

as
sh

ow
n
h
e
re

.
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R
e
cursive

T
h
inking

•
S
o
far

in
th

is
le
cture

,
I’ve

sh
ow

n
re

cursive
functions

b
y
tracing

or
re

pe
ate

d
e
x
pansion

of
th

e
ir

b
od

ie
s.

•
B
ut

w
h
e
n
you

call
a
function

from
th

e
Pyth

on
lib

rary,
you

d
on’t

look
at

its
im

ple
m
e
ntation,

just
its

d
ocum

e
ntation

(“th
e
contract”).

•
R
ecursive

th
inking

is
th

e
e
x
te

nsion
of

th
is

sam
e
d
iscipline

to
func-

tions
as

you
are

d
efining

th
em

.

•
W

h
e
n
im

ple
m
e
nting

s
u
m
s
q
u
a
r
e
s,

w
e
re

ason
as

follow
s:

–
B
a
se

ca
se

:
W

e
know

th
e
answ

e
r
is

0
if

th
e
re

is
noth

ing
to

sum
(N

<
1).

–
O
th

e
rw

ise
,
w
e
ob

se
rve

th
at

th
e
answ

e
r
is
N

2
plus

th
e
sum

of
th

e
positive

inte
ge

rs
from

1
to

N
−

1.

–
B
ut

th
e
re

is
a
function

( s
u
m
s
q
u
a
r
e
s)

th
at

can
com

pute
1
+
...

+
N

−
1
(its

com
m
e
nt

says
so).

–
S
o
w
h
e
n
N

≥
1,

w
e
sh

ould
re

turn
N

2
+
s
u
m
s
q
u
a
r
e
s(N

−
1).

•
T
h
is

“re
cursive

le
ap

of
faith

”
w
orks

as
long

as
w
e
can

guarante
e
w
e
’ll

h
it

th
e
b
ase

case
.
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R
e
cursive

T
h
inking

in
M
a
th

e
m
a
tics

•
T
o
pre

ve
nt

an
infinite

re
cursion,

m
ust

use
th

is
te

ch
nique

only
w
h
e
n

–
T
h
e
re

cursive
case

s
are

“sm
alle

r”
th

an
th

e
input

case
,
and

–
T
h
e
re

is
a
m
inim

um
“size

”
to

th
e
d
ata,

and

–
A
ll

ch
ains

of
progre

ssive
ly

sm
alle

r
case

s
re

ach
a
m
inim

um
in

a
finite

num
b
e
r
of

ste
ps.

•
W

e
say

th
at

such
“sm

alle
r
th

an”
re

lations
are

w
ell

found
ed

.

•
W

e
h
ave

T
h
e
ore

m
(N

oe
th

e
ria

n
I
nd

uction):
S
uppose

≺
is
a
w
e
ll-found

e
d

re
lation

and
P

is
som

e
prope

rty
(pre

d
icate

)
such

th
at

w
h
e
n-

e
ve

r
P
(y
)
is

true
for

all
y
≺

x
,
th

e
n
P
(x
)
is

also
true

.
T
h
e
n

P
(x
)
is

true
for

all
x
.

(A
fte

r
E
m
m
y
N
oe

th
e
r
18

8
2
–19

3
5
,
G
öttinge

n
and

B
ryn

M
aw

r).

•
M
ore

ge
ne

ral
th

an
th

e
“line

of
d
om

inos”
ind

uction
you

m
ay

h
ave

e
n-

counte
re

d
:
If

true
for

a
b
ase

case
b,
and

if
true

for
k
w
h
e
n
true

for
k
−
1,

th
e
n
true

for
all

k
>

b.
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A
Prob

le
m

d
e
f
f
i
n
d
f
i
r
s
t
(
s
t
a
r
t
,
p
r
e
d
)
:

"
"
"
F
i
n
d
t
h
e
s
m
a
l
l
e
s
t
k
>
=

S
T
A
R
T
s
u
c
h
t
h
a
t
P
R
E
D
(
S
T
A
R
T
)
.
"
"
"

?
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S
ub

prob
le
m
s
a
nd

S
e
lf-

S
im

ila
rity

•
R
e
cursive

routine
s
arise

w
h
e
n
solving

a
prob

le
m

naturally
involve

s
solving

sm
alle

r
instance

s
of

th
e
sam

e
prob

le
m
.

•
A

classic
e
x
am

ple
w
h
e
re

th
e
sub

prob
le
m
s
are

visib
le

is
S
ierpinski’s

T
riangle

(aka
b
it

S
ie
rpinski’s

G
aske

t).

•
T
h
is

triangle
m
ay

b
e
form

e
d
b
y
re

pe
ate

d
ly

re
placing

a
figure

,
ini-

tially
a
solid

triangle
,
w
ith

th
re

e
quarte

r-size
d
im

age
s
of

itse
lf

(1/2
size

in
e
ach

d
im

e
nsion),

arrange
d
in

a
triangle

:

•
O
r
w
e
can

th
ink

cre
ating

a
“triangle

of
ord

e
r
N

and
size

S
”
b
y
d
raw

-
ing

e
ith

e
r

–
a
solid

triangle
w
ith

sid
e
S
if

N
=
0,

or

–
th

re
e
triangle

s
of

size
S
/2

and
ord

e
r
N
−
1
arrange

d
in

a
triangle

.
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http://pythontutor.com/composingprograms.html#code=def+sum_squares%28N%29%3A%0A++++if+N+%3C+1%3A%0A++++++++return+0%0A++++else%3A%0A++++++++return+N**2+%2B+sum_squares%28N+-+1%29%0Aprint%28sum_squares%283%29%29&mode=display&origin=composingprograms.js&cumulative=true&py=3&rawInputLstJSON=%5B%5D&curInstr=0
http://pythontutor.com/composingprograms.html#code=def+sum_squares%28N%29%3A%0A++++def+part_sum%28k,+accum%29%3A%0A++++++++if+k+%3C%3D+N%3A%0A++++++++++++return+part_sum%28+k%2B1,+accum+%2B+k**2%29%0A++++++++else%3A%0A+++++++++++return+accum%0A++++part_sum%281,+0%29%0A%0Aprint%28sum_squares%283%29%29&mode=display&origin=composingprograms.js&cumulative=true&py=3&rawInputLstJSON=%5B%5D&curInstr=0


T
h
e
G
a
ske

t
in

Py
th

on

•
W

e
can

d
e
scrib

e
th

is
as

a
re

cursive
Pyth

on
program

th
at

prod
uce

s
Postscript

output.

s
i
n
6
0
=
s
q
r
t
(
3
)
/

2

d
e
f
m
a
k
e
g
a
s
k
e
t
(
x
,
y
,
s
,

n
,
o
u
t
p
u
t
)
:

"
"
"
W
r
i
t
e
P
o
s
t
s
c
r
i
p
t
c
o
d
e
f
o
r
a

S
i
e
r
p
i
n
s
k
i
’
s
g
a
s
k
e
t
o
f

o
r
d
e
r
N

w
i
t
h
l
o
w
e
r
-
l
e
f
t
c
o
r
n
e
r
a
t

(
X
,
Y
)
a
n
d

s
i
d
e
S
o
n

O
U
T
P
U
T
.
"
"
"

i
f

n
=
=

0
:

d
r
a
w
s
o
l
i
d
t
r
i
a
n
g
l
e
(
x
,
y
,

s
,
o
u
t
p
u
t
)

e
l
s
e
:m
a
k
e
g
a
s
k
e
t
(
x
,
y
,

s
/
2
,
n
-

1
,
o
u
t
p
u
t
)

m
a
k
e
g
a
s
k
e
t
(
x
+

s
/
2
,
y
,

s
/
2
,
n
-

1
,
o
u
t
p
u
t
)

m
a
k
e
g
a
s
k
e
t
(
x
+

s
/
4
,
y

+
s
i
n
6
0
*
s
/
2
,
s
/
2
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